Abstract. An important consequence of the Hahn-Banach Theorem says that on any locally convex Hausdorff topological space X, there are sufficiently many continuous linear functionals to separate points of X. In the paper, we establish a "local" version of this theorem. The result is applied to study the uo-dual of a Banach lattice that was recently introduced in [3] . We also provide a simplified approach to the measure-free characterization of uniform integrability established in [8] .
Introduction
The following fundamental result is a well-known consequence of the Hahn-Banach Theorem. Theorem 1.1 (Hahn-Banach). Let (X, τ ) be a real, locally convex, Hausdorff topological vector space. Let X * be the collection of τ -continuous linear functionals on X. Then X * separates points of X, namely, for any x ∈ X\{0}, there exists φ ∈ X * such that φ(x) = 0. Theorem 1.1 establishes X, X * as a dual pair, thus enabling powerful results of duality theory to be brought to bear in many situations. To a large extent, it explains the central importance of the Hahn-Banach Theorem in many applications. The present paper aims at proving the following localized version, with applications to follow. Theorem 1.2. Let (X, τ ) be a real, Hausdorff topological vector space. Let B be a convex, absorbing, balanced set in X and X * B be the collection of all linear functionals on X that are continuous on B endowed with the relative τ -topology. Suppose that the relative τ -topology on B is locally convex. Then X * B separates points of X. Clearly, taking B = X in Theorem 1.2 yields Theorem 1.1. In the case where X is a normed space, τ is the norm topology, and B is the unit ball, X * B is just the norm dual of X. In the case where X is the norm dual of a Banach space Y , τ = σ(X, Y ), and B is the unit ball of X, then X * B = Y , by virtue of the Krein-Smulian theorem. More interesting applications of Theorem 1.2 take place when the vector topology τ is not locally convex itself. Indeed, after proving Theorem 1.2 in Section 2, we will apply it to study the uo-dual of Banach function spaces and Banach lattices, which was recently introduced and studied in [3] ; see Theorems 2.4 and 2.6 below. Another application that demonstrates the power of Theorem 1.2 is Corollary 2.5 where we give a simple proof of a recent theorem on measure-free characterizations of uniformly integrability due to Kardaras [8] .
We first establish some notation and terminology. For a topology τ on a set X, denote by τ B the relative τ -topology on a subset B of X. A subset B of a real vector space X is said to be balanced if λB ⊂ B whenever |λ| ≤ 1 and is said to be absorbing if for any x ∈ X, there exists λ 0 > 0 such that λx ∈ B whenever |λ| ≤ λ 0 . Balanced sets and absorbing sets all contain 0. Say that a topology τ on a subset B of a real vector space is locally convex at a point x ∈ B if τ has a local basis at x consisting of convex sets and that τ is locally convex on B if it is locally convex at every point of B. A linear functional φ on a topological vector space (X, τ ) is said to be τ -bounded if sup x∈V |φ(x)| < ∞ for some open set V . We refer to [11] for basic facts and undefined terminology on topological vector spaces.
Main Results
We prove the following result that is slightly stronger than Theorem 1.2.
Theorem 2.1. Let (X, τ ) be a real, Hausdorff topological vector space. Let B be a convex, absorbing set in X such that the relative topology τ B is locally convex at 0. Then for any x ∈ X\{0}, there exists a linear functional φ : X → R such that φ(x) = 0 and that φ |B is τ B -continuous at 0. Furthermore, if B is also balanced, then φ |B is τ B -continuous on B.
Proof. Take x ∈ X\{0}. Since τ is Hausdorff and linear, there exists a τ -open neighborhood
Since τ B is locally convex at 0, we can take a convex τ B -neighborhood C k of 0 such that
is a convex, balanced set. Take a τ -open set U containing 0 such that U ∩ B ⊂ C 1 . Since both U and B are absorbing, U ∩ B, and therefore C 1 , is also absorbing. It follows that D is absorbing. Furthermore, since
Then ρ is a seminorm on X and ρ(x) ≥ 1 (see, e.g., [11, Theorem 1.35] ). Define φ 0 : Span{x} → R by φ 0 (αx) = α. Then φ 0 is a linear functional on Span{x} and φ 0 (αx) = α ≤ |α| ≤ ρ(αx) for any α ∈ R. By the vector-space version of Hahn-Banach Theorem (see, e.g.,
Therefore,
Since each C k is a τ B -neighborhood of 0 and φ |B (0) = 0, it follows that φ |B is τ B -continuous at 0.
Suppose that B is also balanced. Take a net (x α ) ⊂ B and x ∈ B such that
, and thus φ(
A similar proof yields the following enhancement of Theorem 2.1. Theorem 2.2. Let X be a real vector space and τ 1 ⊂ τ 2 be two Hausdorff linear topologies on X such that τ 2 is locally convex. Let B be a convex set in X containing 0 such that the relative τ 1 -topology, τ 1 B , is locally convex at 0. Then for any x ∈ B\{0}, there exists a τ 2 -bounded linear functional φ : X → R such that φ(x) = 0 and that φ |B is τ 1 B -continuous at 0. Furthermore, if B is balanced, then φ |B is τ 1 B -continuous on B. Proof. We sketch the proof. Proceed as in the proof of Theorem 2.1 to construct V k , k ≥ 0, using the topology τ 1 . Since V 0 is also τ 2 -open and τ 2 is locally convex, we can take a convex
Define D in the same way. Note that since V is absorbing and 0 ∈ C k for k ∈ N, D is also absorbing. Let φ 0 and ρ be as in the proof of Theorem 2.1 and let φ be a linear extension of φ 0 dominated by ρ. Since ±V ⊂ D, φ(±y) ≤ ρ(±y) ≤ 1 and thus |φ(y)| ≤ 1 for y ∈ V . Thus φ is τ 2 -bounded. As before, one can show the τ 1 B -continuity of φ |B at 0 and on B if B is balanced.
Remark 2.3.
(1) Theorems 2.1 and 2.2 (and therefore, Theorem 1.2) also hold for complex vector spaces X. One simply regard X as a real space and produce the reallinear functional φ ′ as in these theorems. Now set φ to be the complexication of φ ′ :
(2) When B is balanced, the restriction φ |kB of the functionals φ produced in Theorems 2.1 and 2.2 are τ kB -and τ 1 kB -continuous respectively for all k ∈ N. We now apply these results to the study of the uo-dual of Banach function spaces and Banach lattices. For the rest of the paper, fix a non-atomic probability space (Ω, Σ, P). Let L 0 := L 0 (Ω, Σ, P) be the space of all real-valued measurable functions modulo a.s.-equality. L 0 carries a natural metrizable linear topology, namely, the topology of convergence in probability. We call it the L 0 -topology, and to be concrete, we use the metric d(x, y) = |x − y| ∧ 1dP to generate it. A probability measure Q on Σ is equivalent to P (written as Q ∼ P) if P and Q are mutually absolutely continuous with respect to one another. If Q ∼ P then the L 0 (Q)-and the L 0 (P)-topologies are the same. A normed function space X over (Ω, Σ, P) is a nonzero vector subspace of L 0 with a norm · such that y ∈ X and y ≤ x whenever x, y ∈ L 0 satisfy x ∈ X and |y| ≤ |x| a.s. The uo-dual of X is the collection of all linear functionals φ on X such that φ(x n ) −→ 0 whenever (x n ) is norm bounded and x n a.s. −→ 0. Replacing a.s.-convergence with convergence in probability would result in the same collection of functionals. , P) , the following statements are equivalent.
(1) The relative L 0 -topology on the unit ball of X is locally convex.
(2) The relative L 0 -topology on the unit ball of X is locally convex at 0. (3) The uo-dual X ∼ uo separates points of X. (4) X ∼ uo admits a strictly positive member φ. Proof. The implication (1) =⇒ (2) is trivial. Let τ be the relative L 0 -topology on X and B be the unit ball of X. Let X * B be the collection of functionals as defined in Theorem 1.2. Clearly, X * B = X ∼ uo . Thus the implication (2) =⇒ (3) follows immediately from Theorem 1.2. Suppose that (3) holds. As mentioned above, we identify functionals in X ∼ uo with certain functions in L 0 . Since L 0 is order complete and has the countable sup property, sup{f ∧ 1 : 0 ≤ f ∈ X ∼ uo } exists in L 0 and there is an increasing nonnegative sequence (f n ) in X ∼ uo such that
Since norm null sequences in X are L 0 -null (cf. [10, Proposition 2.6.3]), one sees that X ∼ uo is a norm closed subspace of the norm dual X * of X. Put f 0 = n≥1 fn 2 n fn X * +1 . Then f 0 ∈ X ∼ uo . We show that f 0 is a strictly positive element in X ∼ uo . Let x be a nonzero positive element in X. Since X ∼ uo separates points of X, there exists g ∈ X ∼ uo \{0} such that g, x = 0. Let f = (|g| ∧ 1)1 {x>0} . One sees that 0 ≤ f ≤ 1, f ∈ X ∼ uo and f, x > 0. By (2.2) and Monotone Convergence Theorem,
Therefore, there exists n 0 such that f n 0 , x ≥ f n 0 ∧ 1, x > 0. It follows that f 0 , x > 0, as required. This proves (3) =⇒ (4).
Suppose that (4) holds. Let φ ∈ X ∼ uo be strictly positive on X. We claim that the relative topology on B induced by the lattice norm · φ := φ(|·|) is the same as the relative L 0 -topology, from which (1) clearly follows. Indeed, on the one hand, since norm null sequences are L 0 -null, · φ -convergence implies L 0 -convergence. On the other hand, for (x n ) ⊂ B and
−→ x, then (|x n − x|) n is bounded and L 0 -converges to 0. Thus x n − x φ = φ(|x n − x|) −→ 0 since X ∼ uo = X * B . This proves the claim and hence (4) =⇒ (1). Note that Condition (2) in Theorem 2.4 is equivalent to saying that whenever a sequence (x n ) in the unit ball converges to 0 in probability then any of its convex block sequence ( pn j=p n−1 +1 c j x j ) n , 0 = p 0 < p 1 < p 2 < · · · , also converges to 0 in probability.
An easy application of Theorem 2.4 is as follows. It is known from [3] 
Thus the relative L 0 -topology is locally convex on the unit ball of L p , 1 < p ≤ ∞, but not on the unit ball of L 1 .
A more striking application of Theorem 2.4 concerns measure-free characterizations of uniform integrability. A set K is bounded in L 0 (P) if lim n sup f ∈K P(|f | > n) = 0. It is P-uniformly integrable if lim P(A)→0 sup x∈K A |x|dP = 0. A set K in L 0 such that y ∈ K whenever |y| ≤ |x| for some x ∈ K is said to be solid. Solid sets contain 0. The following beautiful result was proved by Kardaras [8] using sophisticated methods.
Corollary 2.5 (Kardaras). Let K ⊆ L 0 (P) be convex, solid, and bounded in probability. The following are equivalent.
(1) The relative L 0 -topology on K is locally convex at 0.
Proof. The implications (3) =⇒ (2) =⇒ (1) are clear. Suppose that (1) holds. Put X = {λx : λ ∈ R, x ∈ K} and ρ(x) = inf λ > 0 :
x λ ∈ K for any x ∈ X. Since K is convex, solid and bounded in probability, it is straightforward to verify that (X, ρ) is a normed function space. The unit ball B = {x ∈ X : ρ(x) ≤ 1} is contained in 2K. Hence the relative L 0 -topology on the unit ball B is locally convex at 0. By Theorem 2.4, X ∼ uo admits a strictly positive member φ. Again, identify φ with some 0 ≤ f ∈ L 0 . By strict positivity of φ, one easily sees that 1 {f =0} y = 0 a.s. for any y ∈ X. Set
Then Q is a probability measure equivalent to P. Let (x n ) ⊂ B and x ∈ B be such that
If K is not Q-uniformly integrable, then there exist ε > 0, a sequence (A n ) of measurable sets and a sequence (y n ) ⊂ K such that Q(A n ) −→ 0 and An |y n |dQ ≥ ε for all n ∈ N. Put
This contradicts (2.3) and proves (1) =⇒ (3).
Finally, we develop a Banach lattice version of Theorem 2.4. We refer to [1] for facts and undefined terminology on vector and Banach lattices. A net (x α ) in a vector lattice X is said to order converge to x ∈ X, written as x α o −→ x, if there is another net (y γ ) in X such that y γ ↓ 0 and that for every γ, there exists α 0 such that |x α − x| ≤ y γ for all α ≥ α 0 . A net (x α ) in X is said to unbounded order converge (uo-converge) to x ∈ X if |x α − x| ∧ y o −→ 0 for any y ∈ X + . In this case, we write x α uo −→ x. It is known that a sequence in a function space over (Ω, Σ, P) uo-converges to 0 iff it converges to 0 a.s. Moreover, x α o −→ 0 iff it has an order bounded tail and x α uo −→ 0. For a Banach lattice X, the order continuous dual X ∼ n (resp. uo-dual X ∼ uo ) is the collection of all linear functionals φ on X such that φ(x α ) −→ 0 whenever x α uo −→ 0 and (x α ) is order bounded (resp. norm bounded) in X. [3, Theorem 2.3] characterizes X ∼ uo as the order continuous part of X ∼ n . We refer to [4] and [3] for facts about uo-convergence and uo-dual. The uo-convergence has garnered interest as the natural generalization of a.s.-convergence.
For a Banach lattice X, [2] introduced the un-topology, which is a vector lattice topology on X, generated by the family of sets V y,ε = x ∈ X : |x| ∧ y < ε , y ∈ X + , ε > 0 as a local basis at 0. The un-topology is generally not metrizable (see [6, 7] ). A net (x α ) un-converges to x iff |x α − x| ∧ y −→ 0 for any y ∈ X + . A Banach lattice X is said to be order continuous if x α −→ 0 whenever x α o −→ 0 in X. [5, Theorem 5.2] asserts that the un-topology coincides with the topology of convergence in probability on an order continuous Banach function space. Thus the un-topology is regarded as a generalization of convergence in probability to (order continuous) Banach lattices.
By [6, Theorem 5.2] , the un-topology on an order continuous Banach lattice X is never locally convex unless X is atomic. We show that it can nevertheless be locally convex on the unit ball and the occurrence of this depends on how rich X ∼ uo is.
Theorem 2.6. Let X an order continuous Banach lattice. The following are equivalent.
(1) The relative un-topology on the unit ball is locally convex at 0.
(2) The uo-dual X ∼ uo separates points of X.
Proof. To apply Theorem 1.2, set τ to be the un-topology and B be the unit ball. We claim that X * B = X ∼ uo . Let (x α ) be a net in B and x ∈ B such that x α uo −→ x. Then |x α − x| ∧ y o −→ 0, so that |x α − x| ∧ y −→ 0, for any y ∈ X + , by order continuity of X. It follows that X * B ⊂ X ∼ uo . For the reverse inclusion, suppose otherwise that there exists φ ∈ X ∼ uo \X * B . Then φ(x α ) −→ φ(x) for some net (x α ) ⊂ B and x ∈ B such that x α un −→ x. By passing to a subnet, we may assume that φ(x α ) − φ(x) ≥ ε for some ε > 0 and all α. Suppose that (2) holds but (1) fails. Then there exist y 0 ∈ X + and ε 0 > 0 such that V := x ∈ B : |x| ∧ y 0 < ε 0 does not contain a convex relative un-neighborhood of 0 on B. In particular, for any n ∈ N, the convex hull of x ∈ B : |x| ∧ y 0 < 1 n is not contained in V.
Let E be the band generated by y 0 and P be the corresponding band projection. Set B E = B ∩ E, the unit ball of E. Put V E := x ∈ B E : |x| ∧ y 0 < ε 0 . Note that |x| ∧ y 0 = P (|x| ∧ y 0 ) = (P |x|) ∧ y 0 = |P x| ∧ y 0 for all x ∈ X. Thus it is straightforward to verify that, for any n ∈ N, the convex hull of x ∈ B E : |x| ∧ y 0 < 1 n is not contained in V E .
(2.4)
Since y 0 is a quasi-interior point of E, x ∈ E : |x| ∧ y 0 < 1 n , n ∈ N, is in fact a local basis of the un-topology of E at 0 (cf. [6, Theorem 3.2] ). Therefore, by (2.4), the relative un-topology of E to B E is not locally convex at 0. That is, Condition (1) fails for E. Splitting X = E ⊕ E d , one sees that E ∼ uo separates points of E, i.e., Condition (2) holds for E. It is well-known that, being an order continuous Banach lattice with a quasi-interior point, E is lattice isometric to an order continuous Banach function space E over a probability space (cf. [9, Proposition 1.b.14]). By Theorem 2.4, Conditions (1) and (2) are equivalent for E and thus for E. This contradiction completes the proof.
